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A previous calculation of the effect of an external, uniform electric field on the optical absorption asso­
ciated with a direct transition between bands is extended. The absorption is shown to consist of a series of 
steps whose width is determined by the separation of the discrete levels produced by the field. 

IN a previous calculation1 (which will be referred to 
as I) , it was shown that the discrete levels which are 

formed when a uniform electric field is present in an 
insulating crystal2 produce a periodic structure in the 
energy dependence of the absorption due to interband 
transitions. The expression for the absorption coefficient 
which was given in that paper is a slowly convergent 
Fourier series which cannot easily be interpreted. I t is 
the object of the present work to transform this series 
in such a way that the energy dependence of the optical 
absorption is evident. I hope that this work will help 
to stimulate experimental investigation of the discrete 
levels. 

An infinite crystal containing a uniform electric 
field S, in the x direction is considered. From Eqs. (14) 
and (21) of I, the following expression is obtained for 
the absorption coefficient a, produced by a direct 
transition between bands n' and n (the notation con­
forms to I as far as possible): 

The matrix element ifcf »«> is given by 

2/c2 r r dk 

FiroMeocaA-J (2TT)2 

r r d&i 
/ \Mnnf(x0)\

2 

U (2TY 

dkx oo r dKx 
+ 2J2 / I Mnn' ( # o ) I 2 COS27r /# 0 

i^J (2TT)2 
, (1) 

in which K is the width of the Brillouin zone in the x 
direction (which coincides with a reciprocal lattice 
vector); kj. represents components of the wave vector 
perpendicular to the field; Ofco is the magnitude of the 
vector potential of the radiation field (which has circular 
frequency co); n is the index of refraction, and eo is the 
permittivity of free space. In addition, F=eS, and 
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where pnn
f is the usual interband matrix element of the 

momentum and t is the polarization vector of the 
radiation. Both bands are treated in the effective mass 
approximation, so that the energy difference between 
bands is 

En-En, = Eg+(Wk*/2}ji). (4) 

In this equation, Eg is the energy gap at £ = 0, and /z is 
the reduced mass for the two bands: /jr1=mrr

1+mn~
1. 

We also have 

t3=2fxF/ti2; a=F-1(Eg~^+¥ki
2/2fx), 

and Ai is the Airy integral, which is defined by 

Ai(s) 
1 r« 

W o 
cos (sz+s*/3) ds. 

Other quantities which are not explicitly defined above 
have their usual significance. 

In I, approximate expressions were worked out for 
the terms of the series, Eq. (1). I t is, however, evident 
from Eqs. (1) and (2) without approximation that 
whenever the photon energy fico increases by A(^co) with 

A(#w) = 27nF/K, (5) 

all the cosines return to their original values. This 
energy change is just the separation between the dis­
crete levels so that the absorption must contain some 
structure with this period. In order to investigate this 
structure, we proceed as follows. The sum of trigono­
metric functions is evaluated using the identity3 

1 + 2 E C O S ^ = 2TT £ d(y-2mir). 
1=1 m=—co 

(6) 

Then with the use of (3) 

a = K ~ [dkL Ai2(o-/51/3)|l+2 f ) COS2TIX0 1 
up * J L i=i J 

= (47riW01/3") E [dkL A?(*t3l*)5(2TXo-2irj), (7) 

3 G. Goertzel and N. Tralli, Some Mathematical Methods of 
Physics (McGraw-Hill Book Company, Inc., New York, 1960), 
p. 123. 
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in which 

K= 2e2 | e- pBn/1
2/irfi2m?neoC. 

From Eqs. (2) and (4), we obtain for x0 

2«,=K(,r+xr1,s), 

(8) 

(9) 
in which 

X = K 2 /120 2 ' 3 . 

Then we change the variable of integration in (7) 
to y=a/31/d and obtain 

4 T T 2 ^ M / 3 2 / 3 co 
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dyAi2(y) 

X « [ y + x - ( 2 ^ 1 / 8 A ) ] . (10) 

If we allow ki to vary between 0 and oo , then ^ varies 
from a lower value 

y0 = £20-2/3 . £ 2 ^ (2|i/*2) ( £ „ - * « ) (ID 
to oo. Note that i£2 may be either positive or negative. 
We then find that the absorption coefficient is 

47r2i£M/32/3 -
a = E A i 2 

/2*jP113 \ 
(12) 

0.32 0.64 
Tiw-Eg(eV) 

FIG. 1. The optical absorption coefficient a is shown as a function 
of fa—Eg as calculated from Eq. (12) using numbers appropriate 
to the transition between the heavy-hole band and the conduction 
band in gallium arsenide. For the purpose of illustration, a very 
large field, 109 eV/m has been chosen. 
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FIG. 2. The optical absorption coefficient is shown as a function 
of energy in the weak-field limit, Eq. (18), neglecting the discrete 
levels. Numbers appropriate to gallium arsenide, including both 
light and heavy holes, have been considered. Each curve is marked 
by the value of the field F in electron volts per meter which has 
been used in the calculation. The field is oriented along the [100] 
crystal axis. 

in which the lower limit of the summation jo is deter­
mined by the condition that jo be the next integer 
larger than q0, where 

(2Tqo/3lls/K)-X=R2/0m. (13) 

Let us interpret this result. Observe that the argu­
ment of the Airy functions in (12) is independent of 
energy. The energy dependence of the absorption 
coefficient is contained in the external factor co"-1 and 
implicitly in the lower limit of the summation. As the 
photon energy fiw increases, R2 decreases, and conse­
quently yo and jo decrease. For each decrease in jo, a 
new term appears in the sum in Eq. (12). Consequently, 
a graph of the absorption coefficient a as a function of 
energy resembles a staircase with slanted steps. The 
width of each step is the energy required to produce a 
unit change in jo. This is easily seen to be given by 
Eq. (5). Hence, the width of a step is just the separation 
of the discrete levels. The height of a step is proportional 
to Ai2(jR2/3~2/3), evaluated at the energy at which the 
jump occurs. The downward slant of each step is 
determined by the factor or1. 

For large positive values of R2/3~2IZ, the change in a, 
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Aa, produced by bringing in one more term (the height 
of the step), is easily obtained by using the asymptotic 
form of the Airy function: 

Ai(s)= ( l A r W 4 ) exp(- f* 3 / 2 ) . (14) 

Hence, in this region 

Aa= (TTKP/UKR) exp[ -4£ 3 /3 /3] 

irKFr 2/x 11 / 2 
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Thus, the height of the steps decreases rapidly with 
increasing Eg—tiw and decreasing field. For large 
negative values of R20~2IZ we use 

A i ( - s ) = (1/ir1'2*1'*) sin(|23/2+7r/4) (16) 

and find 
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These results are illustrated in Fig. 1. 
The mathematical argument may be concluded by 

observing that the weak-field limit of the absorpt ion^ 
obtained by replacing the sum in (12) by an integral. 
Put 

Z=2TTJPI*/K~X, 

and let % be continuous. Then we obtain in place of (12) 
/»QO 

a = 27rcr1Ktf1l* l Ai2 (z)dz 

) -y 0 Ai 2 (y 0 ) , (18) 

where yo is given in Eq. (11). This is equivalent to an 
expression given by Tharmalingam,1 and may also be 
obtained by discarding all but the constant term in 
Eq. (1). Expressions valid in the limit of large positive 
or negative values of yo may be obtained by inserting 
the asymptotic expansions of the Airy functions 
Eqs. (14) and (16) into (18). The results of this can be 
obtained in an obvious way from Eqs. (23), (29), and 
(31) of I, and also from Tharmalingam/s paper, so they 
will not be repeated here. However, since the weak-field 
absorption coefficient has not been exhibited in the 
region near the band gap in which asymptotic forms 
cannot be used, we present in Fig. 2 the absorption 
coefficient as calculated in this approximation using 
numbers appropriate to gallium arsenide. 

Finally, we should note that although the detailed 
results of this calculation depend on the use of the 
effective-mass approximation, Eq. (4), the existence of 
structure in the absorption constant with the period of 
the separation between the discrete levels is rigorous. 
In addition, one expects the effective-mass approxima­
tion to be valid in the region near a band gap which is 
accessible to experimental observation. The quantity x, 
which cannot be calculated reliably in this approxima­
tion since it involves an integral over the entire band 
structure, acts only as a phase angle in (12). Therefore, 
uncertainty as to the value of % does not affect these 
results in any essential way. 

I am indebted to Dr. P. E. Kaus for a valuable 
discussion. 


